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ON THE GREATEST PRIME FACTOR OF SOME DIVISIBILITY SEQUENCES
AMIR AKBARY AND SOROOSH YAZDANI
ABSTRACT. Let P (m) denote the greatest prime factor of m. For integer a > 1, M. Ram Murty
and S. Wong proved that, under the assumption of the ABC conjecture,
P (an − 1)≫ǫ,a n2−ǫ
for any ǫ > 0. We study analogues results for the corresponding divisibility sequence over the
function field Fq(t) and for some divisibility sequences associated to elliptic curves over the rational
field Q.
In honor of M. Ram Murty on his sixtieth birthday
1. INTRODUCTION AND RESULTS
Let P (m) denote the greatest prime factor of the integer m. Several authors investigated the size
of P (2n − 1). In [12, Lemma 3] Schinzel proved that
P (2n − 1) ≥ 2n+ 1, for n ≥ 13.
In 1965, Erdo˝s [3, p. 218] conjectured that
lim
n→∞
P (2n − 1)
n
=∞.
This conjecture has been recently resolved by Stewart [16]. More generally, for integers a > b > 0,
one can consider lower bounds in terms of n for P (an−bn). The first general result on this problem
is due to Zsigmondy [18] and independently to Birkhoff and Vandiver [2] who showed that
P (an − bn) ≥ n+ 1.
The best known result on this problem is the recent result of Stewart [16, Formula (1.8)] that states
P (an − bn) ≥ n1+ 1104 log log n ,
for n sufficiently large in terms of the number of distinct prime factors of ab. Note that the above
lower bound for a = 2 and b = 1 implies Erdo˝s’ conjecture. We expect that P (an − bn) be much
larger than n1+ǫ(n), where ǫ(n) → 0 as n→∞. Here we describe a heuristic argument in support
of this claim. To simplify our notation, we now focus on an − 1. Similar observations hold for the
sequence an − bn.
We write an−1 = unvn, where un is power-free (square-free) and vn is power-full (the exponent
of prime divisors of vn in the prime factorization of vn are greater than 1). Now if we denote the
number of prime divisors of an integer m by ω(m), then we can find a lower bound for P (an − 1)
in terms of un and ω(an − 1) as follows. We have
P (an − 1)ω(an−1) ≥ P (un)ω(an−1) ≥ un,
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n Factorization of 2n − 1 n Factorization of 2n − 1 n Factorization of 2n − 1
1 1 11 23× 89 21 72 × 127 × 337
2 3 12 32 × 5× 17 22 3× 23× 89× 683
3 7 13 8191 23 47× 178481
4 3× 5 14 3× 43× 127 24 32 × 5× 7× 13× 17× 241
5 31 15 7× 31× 151 25 31× 601 × 1801
6 32 × 7 16 3× 5× 17× 257 26 3× 2731 × 8191
7 127 17 131071 27 7× 73× 262657
8 3× 5× 17 18 33 × 7× 19× 73 28 3× 5× 29× 43× 113× 127
9 7× 73 19 524287 29 233× 1103 × 2089
10 3× 11× 31 20 3× 52 × 11× 31× 41 30 32 × 7× 11× 31× 151× 331
or equivalently
logP (an − 1) ≥ log un
ω(an − 1) . (1.1)
Thus a lower bound for un and an upper bound for ω(an − 1) furnishes a lower bound for the
greatest prime factor of an − 1.
By looking at the factorization of an − 1 for different values of a and n (see the above table of
prime factorization of 2n−1 for 1 ≤ n ≤ 30), we speculate the following two statements regarding
the factorization of an − 1.
FIRST OBSERVATION: The power-full part of an − 1 is small.
SECOND OBSERVATION: The number of prime factors of an − 1 is small.
These together with (1.1) imply that P (an − 1) is large.
The above argument can be quantified by using well-known conjectures. Here we recall the
celebrated ABC conjecture and a conjecture of Erdo˝s on ordp(a), the multiplicative order of an
integer a modulo a prime p.
Conjecture 1.1 (ABC conjecture of Masser-Oesterle´). Let A,B,C ∈ Z be relatively prime inte-
gers satisfying A +B + C = 0. Then for every ǫ > 0,
max{|A|, |B|, |C|} ≪ǫ

 ∏
π|ABC
π


1+ǫ
.
Conjecture 1.2 (Erdo˝s). For an integer a and a positive integer r, let
Ea(r) = #{p prime; ordp(a) = r}.
Then for every ǫ > 0 we have
Ea(r)≪ǫ rǫ.
Conjecture 1.1 is stated in [8]. Conjecture 1.2 is formulated in [4] for a = 2.
In [13, Lemma 7] Silverman provided the following statement in support of our first observation.
Proposition 1.3 (Silverman). Let an − 1 = unvn be the decomposition of an − 1 as the product
of the power-free part un and power-full part vn. Then for any ǫ > 0, under the assumption of
Conjecture 1.1, we have
vn ≪ǫ,a aǫn.
From this proposition we conclude that under the assumption of Conjecture 1.1, the power-free
part of an − 1 is large. More precisely for ǫ > 0 we have
un ≫ǫ,a a(1−ǫ)n.
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We know that the normal order of ω(n) is log log n. From here we may speculate that ω(an −
1) ≈ log n. However as a consequence of a theorem of Prachar we can show that ω(an − 1) is
greater than log n for infinitely many values of n. More precisely, in [10, Satz 2], Prachar proves
that
#{p prime; (p− 1) | n} ≥ exp
(
c logn
(log log n)2
)
,
for some c > 0 and for infinitely many n. This implies that there exists c > 0 such that
ω(an − 1) ≥ exp
(
c logn
(log log n)2
)
,
for infinitely many n. In [6], Felix and Murty observed that
ω(an − 1) = #{p prime; p | an − 1} =
∑
d|n
Ea(d).
So under the assumption of Conjecture 1.2, we have
ω(an − 1)≪ǫ nǫ.
The above observations are summarized in the following theorem (see [6, Section 5]).
Theorem 1.4 (Felix-Murty). Under the assumptions of Conjecture 1.1 and Conjecture 1.2, for any
ǫ > 0, we have
P (an − 1)≫ǫ,a an1−ǫ .
It is interesting to note that the small size of ω(an − 1) plays a crucial role in the proof of the
above theorem. In fact under the assumption of Conjecture 1.1 and by employing the unconditional
upper bound ω(an − 1)≪ n/ logn and (1.1), we get
P (an − 1)≫ǫ,a n1−ǫ,
which is weaker than known unconditional bounds. So it was remarkable that in 2002, Murty and
Wong [9, Theorem 1], without appealing to any bound for ω(an − 1), could prove the following
theorem.
Theorem 1.5 (Murty-Wong). Under the assumption of Conjecture 1.1, for any ǫ > 0, we have
P (an − 1)≫ǫ,a n2−ǫ.
The sequence an − 1 is an example of a divisibility sequence. A sequence (dn) of integers is
called a divisibility sequence if
m | n⇒ dm | dn.
In this paper, under certain conditions, we extend Murty-Wong’s theorem to divisibility sequences
other than an − 1.
Our first generalization is a function field analogue of Theorem 1.5. Let Fq be a finite field of
characteristic p. For b(t) ∈ Fq[t], let G(b(t)) be the greatest of the degrees of the irreducible factors
of b(t). Then we ask how large can
G(a(t)n − 1)
be? Here we prove the following result related to this question.
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Theorem 1.6. Let a(t) ∈ Fq[t] be a polynomial that is not a perfect p-th power. Let
Sα = {prime ℓ; ℓ 6= p, ordℓ(q) ≥ ℓα}.
Then for ǫ > 0 we have the following assertions.
(i) There is a constant C = C(ǫ, q, a(t)) such that
G(a(t)ℓ − 1) ≥ (1 + α− ǫ) logq ℓ+ C, for all ℓ ∈ Sα.
(ii) There is a constant C = C(ǫ, q, a(t)) such that for all primes ℓ ≤ x, except possibly o(x/ log x)
of them, we have
G(a(t)ℓ − 1) ≥ (3/2− ǫ) logq ℓ+ C.
(iii) Assume that for all integers d ≥ 1 the generalized Riemann hypothesis (GRH) holds for the
Dedekind zeta function of Q(ζd, q1/d), where ζd is a primitive d-th root of unity. Then there is a
constant C = C(ǫ, q, a(t)) such that for all primes ℓ ≤ x, except possibly o(x/ log x) of them, we
have
G(a(t)ℓ − 1) ≥ (2− ǫ) logq ℓ+ C.
Remarks 1.7. (i) Following the proof of Part (i) of the above theorem we can show that an assertion
similar to Part (i) holds for G(a(t)n − 1), as long as integer n belongs to
{n; p ∤ n, ordm(q) ≥ mα for allm | n andm > n1−ǫ},
where ǫ > 0 is a fixed constant.
(ii) Unlike Theorem 1.5, Parts (i) and (ii) of the above theorem are unconditional. This is due to
a known version of the ABC conjecture, due to Mason, for the function fields (see Theorem 2.1).
The condition that a(t) is not a perfect p-th power is needed for application of Mason’s theorem.
(iii) The above theorem establishes an intimate connection between the growth of degree of
G(a(t)n − 1) in a function field Fq[t] and the multiplicative order of integer q modulo n. This is
a common feature in many function field problems that their study ties together with the study of
problems in integers. A notable example is the appearance of Romanoff’s theorem in Bilharz’s
proof of Artin’s primitive root conjecture over function fields (see [11, Chapter 10]).
(iv) The function ordn(q) has an erratic behavior, and although most of the times it is large it can
take small values too. For example if we assume there are infinitely many Mersenne primes then
there are infinitely many primes ℓ for which ordℓ(2) is as small as log ℓ.
(v) Part (iii) of the above theorem is comparable with Murty-Wong’s theorem (Theorem 1.5). How-
ever the statement is weaker in the sense that integers are replaced by almost all prime numbers.
Also Part (iii) is conditional upon the GRH while Murty-Wong’s is conditional upon the ABC
conjecture. It is debatable which one of these conjectures is harder than the other.
(vi) Note that G(a(t)n − 1) when n is a multiple of p behaves differently, as G(a(t)mp − 1) =
G(a(t)m − 1).
Our next example of a divisibility sequence is related to elliptic curves. Let E be an elliptic
curve given by the Weierstrass equation
y2 = x3 + Ax+B,
where A,B ∈ Z. Let E(Q) be the group of rational points of E. It is known that any rational point
on E has an expression in the form (a/d2, b/d3) with (a, d) = (b, d) = 1 and d ≥ 1 (see [15, p.
4
68]). Let Q be a rational point of infinite order in E(Q). The elliptic denominator sequence (dn)
associated to E and Q is defined by
nQ =
(
an
d2n
,
bn
d3n
)
.
One can show that (dn) is a divisibility sequence.
Example 1.8. Let E be given by y2 = x3 − 11. Then Q = (3, 4) is a point of infinite order in
E(Q). Let (dn) be the denominator sequence associated to E and Q. We record the prime power
factorization of dn for 1 ≤ n ≤ 17.
n Factorization of dn associated to y2 = x3 − 11 and (3, 4)
1 1
2 23
3 32 · 17
4 24 · 37 · 167
5 449 · 104759
6 23 · 32 · 5 · 17 · 23 · 1737017
7 19 · 433 · 2689 · 8819 · 40487
8 25 · 37 · 167 · 245519 · 3048674017
9 33 · 17 · 861139 · 638022143238323743
10 23 · 29 · 449 · 39631 · 54751 · 104759 · 117839 · 181959391
11 11 · 331 · 2837 · 4423 · 4621 · 687061 · 40554559 · 105914658299
12 24 · 32 · 5 · 17 · 23 · 37 · 107 · 167 · 1288981 · 1737017 · 64132297 · 7428319481306593
13 7 · 31 · 233 · 452017 · 104847601 · 26215872615271 · 403453481668667999145407
14 23 · 19 · 41 · 211 · 433 · 503 · 2309 · 2689 · 4451 · 8819 · 28813 · 40487 · 42859 · 306809 · 404713 · 909301 · 35196247
15 32 · 17 · 449 · 631 · 29819 · 104759 · 258659 · 1331521 · 2681990178080401065344970115363369337376832169
16 26 · 37 · 167 · 431 · 3169 · 49537 · 245519 · 3048674017 · 606437794508831 · 3321240163385870449 · 21659973345967709759
17 1012 · 606899 · 1865887 · 141839057 · 383168404657137063963767 · 199169555888386471211683643669332910982224853163
A glance at the above table shows that assertions similar to Observations 1 and 2 for an− 1 may
hold for dn. In fact, following an argument similar to the case an − 1, one may speculate that, for
any ǫ > 0, we have
logP (dn)≫ǫ,E,Q n2−ǫ,
where the implied constant depends on E, Q, and ǫ.
We will prove the following conditional lower bound for P (dn) for certain elliptic curves.
Theorem 1.9. Let E be an elliptic curve over Q of j-invariant 0 or 1728. For a point of infinite
order Q ∈ E(Q), let (dn) be the elliptic denominator sequence associated to E and Q. Assume
Conjecture 1.1. Then for any ǫ > 0 we have
P (dn)≫ǫ,E,Q n3−ǫ,
or equivalently
logP (dn) ≥ (3− ǫ) logn +Oǫ,E,Q(1).
Some authors call the above sequence (dn) an elliptic divisibility sequence. We decided to call
them elliptic denominator sequences to differentiate them from the classical elliptic divisibility
sequences defined and studied by Ward [17]. A divisibility sequence (wn) is called an elliptic
divisibility sequence if w1 = 1 and, for n > m, (wn) satisfies the recurrence
wn+mwn−m = wn+1wn−1w
2
m − wm+1wm−1w2n.
The discriminant Disc(w) of an elliptic divisibility sequence (wn) is defined by the formula
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Disc(w) = w4w
15
2 − w33w122 + 3w24w102 − 20w4w33w72 + 3w34w52 + 16w63w42 + 8w24w33w22 + w44.
An elliptic divisibility sequence is called non-singular if w2w3Disc(w) 6= 0. There is a close
connection between non-singular elliptic divisibility sequences and elliptic curves. More precisely
a theorem of Ward states that for any non-singular elliptic divisibility sequence (wn), there exist
an elliptic curve E and a point Q ∈ E(Q) such that (wn) can be realized as the values of certain
elliptic functions on E evaluated at Q (see [17, Theorems 12.1 and 19.1]). Moreover E and Q
can be explicitly constructed in terms of w2, w3, and w4 (see [14, Appendix A]). We call the
pair (E,Q) given in [14, Appendix A], the curve point associated to (wn). In addition if (dn) is
the denominator sequence associated to E and Q, we can show that dn | wn. As an immediate
consequence of Theorem 1.9 and relation dn | wn we have the following result.
Corollary 1.10. Let (wn) be a non-singular elliptic divisibility sequence with the associated curve
point (E,Q). Suppose that E has j-invariant 0 or 1728 and Q has infinite order. Then under the
assumption of Conjecture 1.1 we have
P (wn)≫ǫ,E,Q n3−ǫ,
for any ǫ > 0, or equivalently
logP (wn) ≥ (3− ǫ) log n+Oǫ,E,Q(1).
In Section 2 we prove Theorem 1.6. The proof of Theorem 1.9 is given in Section 3.
Notation 1.11. Throughout the paper p and ℓ denote primes, q = pr, Fq is the finite field of q
elements, Fq[t] and Fq(t) are the ring of polynomials and the function field with coefficients in
Fq. We let ordp(a) be the multiplicative order of integer a modulo p. The letter π denotes either
a rational prime or a monic irreducible polynomial in Fq (for simplicity we write π(t) as π in this
case). For a polynomial b(t) ∈ Fq[t], we let G(b(t)) be the greatest of the degrees of the irreducible
factors of b(t). For a monic irreducible polynomial π and a polynomial a(t) ∈ Fq[t] we let oπ(a) be
the multiplicative order of a(t) modulo π. For an elliptic curve E defined overQ and a good prime
π, we denote the number of points of reduction modulo π of E by nπ(E). We denote the group of
Q-rational points of E by E(Q) and the discriminant of E by ∆E. We let oπ(Q) be the order of
the point Q ∈ E(Q) modulo π. We denote the elliptic denominator sequence associated to E and
Q by (dn) and we let Dn be the primitive divisor of dn. The functions τ(n), ω(n), and P (n) are
the divisor function, the number of distinct prime divisors function, and the greatest prime factor
function. For two real functions f(x) and g(x) 6= 0, we use the notation f(x) = Os(g(x)), or
alternatively f(x) ≪s g(x), if |f(x)/g(x)| is bounded by a constant, depending on a parameter s,
as x→∞. Finally we write f(x) = o(g(x)) if limx→∞ f(x)/g(x) = 0.
2. POLYNOMIAL CASE
In this section we assume that a, b, c are polynomials in Fq[t], where Fq is the finite field of q = pr
elements. (For simplicity from now on we drop the variable t in our notation for polynomials.) We
denote a monic irreducible polynomial by π, and we call such a polynomial a prime polynomial.
We need the next three lemmas in the proof of Theorem 1.6.
The following assertion, which is analogous to the ABC Conjecture, holds in Fq(t).
Lemma 2.1 (Mason). Let a, b, c ∈ Fq[t] be relatively prime polynomials that are not all perfect
p-th power. If
c = a+ b,
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then
max{deg(a), deg(b), deg(c)} ≤ deg

∏
π|abc
π

− 1.
Proof. See [7, p. 156]. 
We let C1 = a−1 and Cℓ = (aℓ−1)/(a− 1), where ℓ is a prime integer. For a prime polynomial
π, we denote the multiplicative order of a mod π by oπ(a). Then for a π, where π ∤ a, and a prime
ℓ 6= p, we have
oπ(a) = ℓ ⇐⇒ π | Cℓ. (2.1)
The first part of the next lemma can be considered as an analogue of the prime number theorem
in function fields.
Lemma 2.2. Let π denote a prime in Fq(t).
(i) For positive integer k, we have
#{π; deg(π) = k} = q
k
k
+O
(
q
k
2
k
)
.
(ii) For positive integers k and N we have
#{π; deg(π) ≤ N and k | deg(π)} ≪ q
N
k
.
Proof. (i) See [11, Theorem 2.2].
(ii) From Part (i) we have ∑
π; k|deg(π)
deg(π)≤N
1≪ 1
k
(
qk + q2k + · · ·+ q[N/k]k)≪ qN
k
.

Recall that for an integer m we denote the multiplicative order of m modulo ℓ by ordℓ(m). The
next lemma provides information on the size of ordℓ(m).
Lemma 2.3 (Erdo˝s-Murty). Let m ∈ Z \ {0,±1}. Then we have the following statements.
(i) Let ǫ : R+ → R+ be a function such that ǫ(x)→ 0 as x→∞. Then
ordℓ(m) ≥ ℓ1/2+ǫ(ℓ)
for all but o(x/ log x) primes ℓ ≤ x.
(ii) Let f : R+ → R+ be a function such that f(x) → ∞ as x → ∞. For each integer d ≥ 1
we assume that the generalized Riemann hypothesis (GRH) holds for the Dedekind zeta function
of Q(ζd, m1/d), where ζd denote a primitive d-th root of unity. Then for all but o(x/ log x) primes
ℓ ≤ x, we have
ordℓ(m) ≥ ℓ
f(ℓ)
.
Proof. These are Theorems 1 and 4 in [5]. 
We are ready to prove Theorem 1.6.
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Proof of Theorem 1.6. Let ℓ be a prime different from p. We start by setting Cm = UmVm, for
m = 1 and ℓ, where Um is the power-free part of Cm and Vm is the power-full part of Cm. (Recall
that C1 = a− 1 and Cℓ = (aℓ − 1)/(a− 1).) Observe that (aℓ − 1) + 1 = aℓ. Thus, since a is not
a perfect p-th power, by Lemma 2.1 we have
max{deg (aℓ − 1), deg ((aℓ))} ≤ deg

 ∏
π|aC1Cℓ
π

− 1
≤
∑
π|aC1Cℓ
deg(π)− 1
≤ deg(a) +
∑
m|ℓ
(
deg(Um) +
deg(Vm)
2
)
− 1
Employing max{deg (aℓ − 1), deg (aℓ)} = deg (aℓ − 1) and ∑m|ℓ deg(UmVm) = deg(aℓ − 1) in
the above inequality yields ∑
m|ℓ
deg (Vm) ≤ 2 deg (a)− 2.
Thus we have
∑
m|ℓ deg(Um)≫a ℓ, where the implied constant depends on a.
From here, we have
ℓ ≪a 1 + deg (Uℓ)
≪a 1 +
∑
π|Uℓ
deg(π)≤G(aℓ−1)
deg (π). (2.2)
From (2.1) we know that for prime ℓ 6= p if π | Uℓ and π ∤ a then ℓ = oπ(a). On the other hand
we know that oπ(a) | #(Fq[t]/〈π〉)× = qdeg(π) − 1. Therefore for such prime divisor π of Uℓ we
have
qdeg(π) ≡ 1 (mod ℓ)⇒ ordℓ(q) | deg (π).
Now from Part (ii) of Lemma 2.2 we conclude that
∑
π|Uℓ, π∤a
deg (π)≤G(aℓ−1)
1≪ q
G(aℓ−1)
ordℓ(q)
.
Applying the latter inequality in (2.2), under the assumption of ordℓ(q) ≥ ℓα yields
ℓ≪a 1 + G(a
ℓ − 1)
ℓα
qG(a
ℓ−1).
From here (i) follows. For (ii) it is enough to observe that, by Part (i) of Lemma 2.3, the set of
primes ℓ with ordℓ(q) ≥ ℓ1/2 has density one. For (iii) we note that, by part (ii) of Lemma 2.3,
under the assumption of GRH, the set of primes ℓ with ordℓ(q) ≥ ℓ/ log ℓ has density one. 
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3. ELLIPTIC CURVE CASE
We review some properties of elliptic denominator sequences associated to elliptic curves and
rational points on them. Let E be an elliptic curve defined over Q. We assume that E is given by a
Weierstrass equation whose coefficients are integers. We denote the discriminant of E by ∆E . Let
Q be a point of infinite order in E(Q), and O denote the point at infinity. For a prime π ∤ ∆E in Q,
let oπ(Q) denote the order of the point Q modulo π. In other words oπ(Q) is the smallest integer
m ≥ 1 such that mQ ≡ O (mod π). Let nπ(E) be the number of points of reduction modulo π of
E over the finite field Fπ.
Recall that the elliptic denominator sequence (dn) associated to E and a non-torsion point Q ∈
E(Q) is defined by
nQ = (an/d
2
n, bn/d
3
n).
Let Dn be the largest divisor of dn which is relatively prime to d1d2 · · · dn−1. Dn is called the
primitive divisor of dn. It is clear that for a prime π of good reduction
oπ(Q) = n ⇐⇒ π | Dn. (3.1)
Let Dn = UnVn be the decomposition of the primitive divisor Dn of dn to the power-free part Un
and power-full part Vn. The following lemma summarizes some basic properties of the sequence
(dn).
Lemma 3.1. (a) With the above notation, we have∏
π|dn
π∤∆E
π =
∏
π|(
∏
m|nDm)
π∤∆E
π.
(b)
(∏
m|nDm
)
| dn.
(c) If π ∤ ∆E and π | Un, then oπ(Q) = n.
Proof. (a) We want to prove that for any integer n, a prime π divides dn if and only if π | Dm for
some m | n. Let m | n and assume that π | Dm. Then π | dm which implies π | dn since (dn) is a
divisibility sequence. Conversely, assume that π ∤ ∆E and π | dn. Then nQ ≡ O (mod π). Hence
oπ(Q) | n, which implies that π | Doπ(Q). This proves the desired result.
(b) Note that for every, m | n, we have that Dm | dm | dn. Therefore l.c.m.(Dm)m|n | dn.
However, by construction, Dm’s are relatively prime to each other. Therefore l.c.m.(Dm)m|n =∏
m|nDm.
(c) This is clear from (3.1), since π | Un | Dn. 
We need two more lemmas before proving our result for elliptic curves.
Lemma 3.2. We have
n2 ≪E,Q log dn ≪E,Q n2,
and moreover
logDn ≫E,Q n2.
Proof. From [13, Lemma 8] we know that for any ǫ > 0,
(1− ǫ)n2hˆ(Q) +Oǫ,E(1) ≤ log dn ≤ n2hˆ(Q) +OE(1),
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where hˆ(Q) denotes the canonical height of the point Q. On the other hand we know from [13,
Lemma 9] that there is a constant n0(E) so that for any ǫ > 0 and any n ≥ n0(E),
logDn ≥
(
1
3
− ǫ
)
n2hˆ(Q)− log n+Oǫ,E(1).
These prove the assertions. 
We also need the following lemma in the proof of Theorem 1.9.
Lemma 3.3. Suppose that E has complex multiplication by the ring of integers of an imaginary
quadratic field L. Let msp be the largest divisor of m composed of primes that split completely in
L. Then ∑
π≤x
m|nπ(E)
1≪L τ(msp)
m
x.
Here τ(n) denote the divisor function.
Proof. See [1, Proposition 2.3]. 
We are ready to prove our result in the elliptic curve case.
Proof of Theorem 1.9. Since E has j-invariant 0 or 1728, it has the Weierstrass equation y2 =
x3 + Ax or y2 = x3 + B. Note that both of these curves have complex multiplication. Here we
describe the proof for y2 = x3 +B. The proof for y2 = x3 + Ax is analogous.
Since nQ = (an/d2n, bn/d3n), we have that
b2n − a3n −Bd6n = 0. (3.2)
Applying Conjecture 1.1 to (3.2) and employing Part (a) of Lemma 3.1, we find that
max{|b2n|, |a3n|, |Bd6n|} ≪ǫ,E,Q

 ∏
π|anbnB(
∏
m|nDm)
π


1+ǫ
Recall that Dn = UnVn is the decomposition of the primitive divisor Dn of dn to the power-free
part Un and power-full part Vn. Thus from the latter inequality we have
max{|b2n|, |a3n|, |Bd6n|} ≪ǫ,E,Q

|anbnB|∏
m|n
(
UmV
1/2
m
)
1+ǫ
. (3.3)
From [13, p. 236] we have
|anbn| ≤
√
2max{|a3n|, |Bd6n|}5/6.
Substituting this bound in (3.3) and employing Part (b) of Lemma 3.1 yields
d1−5ǫn ≤ max{|a3n|, |Bd6n|}(1−5ǫ)/6 ≪ǫ,E,Q

∏
m|n
(
UmV
1/2
m
)
1+ǫ
≪ǫ,E,Q

dn∏
m|n
V −1/2m


1+ǫ
.
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From here we have ∏
m|n
Vm ≤ C(ǫ, E,Q)d
12ǫ
1+ǫ
n , (3.4)
for some constant C(ǫ, E,Q) depending on ǫ, E, and Q. Now taking the logarithm of two sides of
(3.4) and applying the upper bound for log dn given in Lemma 3.2 yields∑
m|n
log Vm ≪ǫ,E,Q 12ǫ
1 + ǫ
n2 + 1. (3.5)
On the other hand the lower bound for logDn given in Lemma 3.2 yields∑
m|n
logDm ≫E,Q n2. (3.6)
Now, by choosing ǫ small enough, (3.5) and (3.6) yield
n2 ≪ǫ,E,Q
∑
m|n
logUm
≪ǫ,E,Q
∑
m|n
m<z
logUm +
∑
m|n
m>z
logUm
≪ǫ,E,Q
∑
m|n
m<z
logUm +
∑
m|n
m>z
∑
π≤P (dn)
π|Um, π∤∆E
log π + τ(n). (3.7)
From Lemma 3.1 (c) we know that if π ∤ ∆E and π | Um then oπ(Q) = m. Since oπ(Q) | nπ(E)
for such π we have m | nπ(E). Employing this fact in the second sum of (3.7) and applying the
upper bound in Lemma 3.2 for log dm in the first sum of (3.7) (note that logUm ≤ log dm) yield
n2 ≪ǫ,E,Q τ(n)z2 + (logP (dn))
∑
m|n
m>z
∑
π≤P (dn)
m|nπ(E)
1. (3.8)
Since E has complex multiplication we can employ Lemma 3.3 to estimate primes π for which
m | nπ(E). Applying Lemma 3.3 in (3.8) yields
n2 ≪ǫ,E,Q τ(n)z2 + τ(n)(P (dn))
1+ǫ
z1−ǫ
.
Now letting z = n1−ǫ in this inequality implies the result. 
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